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TINE DEPENDENTMEAN-FIELDTHEORY

J. W. Negele

Center for Theoretical Physics, Massachusetts Institute of Technology,

Cambric!g( Y~ 02139 USA

and Los Alamos Scientific Laboratory, Los Alamos, NFl

Abstract

The physical ●nd theoretical motivations for the

8754S USA

time-dependent mean-field throry art”

presented and the successes and limitations of the time-dependent Hartree-Fock initial

value problem are reviewed. New theoretical developments are described in thr Lre;jtnwllt

of two-body correlations and the formulation of a quantum mean-field theory of largv-

amplitude collective motion and tunneling decay. Finally, thr mean-field throry is ust.11

to obtain new insights into thr phenomcuon of pion condensation in finite null! i.

1. Hotivatiog

The objective of nuclear many-body theory is to understand the ohs~rviil)l~ prolwl”li(”h

of nuclear systems ill terms of t~c? Underlying nuc]rw-nurleon inLeraclioli. [Illti I f,l;r

present qualitative ideas shout the interucLions lIrLwrr(l t)iig~ of qllilrk~ 1) iirr rc’pldtt’d lIy

a tractable quantitative theory of strong interactions, nuclear theory will ne((’ssiiril~

remairi phenumenological a~ the level of th~ nucleon-nur]~on interaction. Howrvc’r, giv(”ll

the nucleon-nucleon scattering data and deuteron bound statr d,lli+ wnl)t’dtlc~(i ir] p~PricIIL

phenomenolngical potentil]s, it iti quite reasonah]u Lo CX]IC*ULLh;ll tlI~I tittiti~’ potrllti,il

approxim,lticm ‘ii)] not kr caLastrophical]y in error, TIKI iinalogr)us systrm 01 Ii(lllill II(I,

which in termfi of the product of thr repulsivr ccrrr VUlIIIIIr timr sprciiic density is rigtlt

times denser than ,luclrar milttcr, is partirul~rly er]couraging in this resprrL, AI LIIIIIIglI

thr rlrrtron wavr functions of orlr He atom arr essentially alwiry:+ Sifyli!it’;lnlly OVUrllIII-

pjrig Lllosr of ?t ]CJSL OIIF n:rwr ulom , nWFTLhr]L’SS d stnL ic poLrlIt ia] rndy hv df’fitlrd CIIII-

ceptually clearly in terms ]f thv Born-Op;l(’lltlrimt’r uppruxim;ll 1(111, iIIId ~)tl(’rloillt’llfll(lf,l( ,11

static potentials deterrnimvl from exprrirnrntal acuth!ring diitii :IIIrl viriul rorffilirtlts

rcproducr k hulk propertie~ of liquid Nc quitr ~iitixitictority

Th(~ Boil] Of this talk, thrll, wi I 1 IW to attrmpt to Url(lPrStiill(l tht’ (*X1 111111111*1~L(mI-

plicatrd propf”rti(!s Of rompo:;itr systr’ms hOUIId by a two-body ~tiiti~ potrr]tii]l rJ(IIIoly ill

t(’rms of LhiIL potrrrti a]. Thll:;, WC wilt]~ phrnorrt’nil to l’mrrgr rlilt(l~illly from till’ th~III1’y

w]thout hcirlg emhfxhkd J forliori hy ankntzi... Ily ttli~ critt’rlon, it will ho Allt’gllinhltl’. . . .... .
tm Inctb at n hmct .,*” -v~m~~mmm~~l ~~~~ -..*” ●h”o 4* “1 I -“.. -... * - 1.“ .I .. ...O..II.!..I i.. t..-. “r



ping those of at leas L ode other atom , nevertheless a static potential may he defined con-

ceptually clearly in terms of the Born-Oppenheimer approximation, and phenomt=+nological

static potentials determined from experimental scattering data and virial coefficients

reproduce the bulk properties of liquid He quite satisfactorily.

The goal of this talk, then , will be to attempt to understand the excecding]y conl-

plicoted properties of composite systems bound by a two-body static potential SO1O1Y in

terms of that potential. Thus, we want phenomena to emerge naturally from tho th~”ory

without being embedded a fortiori by ansatz. By this criterion, it will be illegitimate. .. —
to look at a hnet of experimental data, note that it all seems to be drscribed in terms of

a few selected collective variables, and then construct a theory containing only LIILJSIS

variables. Similarly we rule out describing a class of phenomena which apllr~r s~atistiral

empirically in terms of a theory which is only allowud to contairl Gaussian distributed

quantities. RaLher, wc seek a theory in which the initial conditions r~levant tII iIII Ex-

periment ●nd the two-body force determine the relevant collective variabllts or stil~isti(til

behavior. The theury itself should seek out the right shaprs for intrinsic states and for

vibrations, and it should general~ the apprrrpriate soft :Ir unstallle spin-isospin morlrs us

a result of thr one-pion exchangr componmt of the forrr. The theory is then frrr of ~ny

~re$CrijJllOn for EUCII qU8iititieS 8B 91M? Or tWO-~FIIL~r S]1(’1] IiI(J&’1 pOL(?flLiiI]R Or mils!~ Ffll’-

●mmLcrm, ●md LLB Ltw degree L6 whl~}~ it gIJCUpudq in dpqrri~\inR Iluc.]rar S-ysttqnh LIIIdt’I’ Ilorfllil]

experimental conditions, it otfers genuine predictive power to dcul with th~ ~xtrrnw rolI-

ditinns which nr(s thr trl}l :,j t~~, ~or,[c.l.ttll,.[. m

The prohlcm 1 have j)used uf u,.,~rstall,!ll~~ Lhr prop~~rti(ln ui” :Iystvms procf’ssifl); largt’

number~ of drgreefi of fr~edom In terms of the underlying Lagrangian or Ilwni Itonifin prr-

vades all of th~or~tical physlcri, and WF will thu~ draw heavily from ❑any-body tcchuiqu~’h



developed in field theory, plasma physics, solid state physics, and condensed matter

physics. Ply ●pproach will be to attempt to formulaLe a systematic hierarchy of successive

approximations such that the lowest order contains the physics of the mean field. Further-

more, I will always se~k to approximate t.h~ expectation values of few-body operators rather

than calculate the full many-body wave function, sinre even in the most favorable cases in

which a few body operator is well spproximaLcd by Lhesr techniques, the ovevla]) lMSLWFCli

the ●xact and approximate many-bndy wave functions decreases exponentially in the numhrr

of particles. Physically, since the mnny-body wave function involves the simultaneous

correlations of all N parLicles in the syslem, it is obvious that such detailed inll]r-

mation could never be relishly embrrl(kl in a low-order approximation. For the ~xlwcLatiorl

value of a finite-range few-body operator, however, the correlations of all the particles

outaide the range of the operator are clearly irrelevant, so there is far greaLrr reason

to hope to develor a vi~blr approximation for surll ●xpectation values.

In addition to the aesthetic appeal of the resulting theory, there arc a nlmkr of

physical motivations for the choice of the mean Iirld Lnwry ah u sLarLing point for

nurlodr dynamics. (he of the hrst justifications is Hartrec’s original intuilivu JrXIIIII(IIL

that an individual particle should respond to thr avpra~e field gencr~lted by intcr:lct ions

with tho surro’ndin~ particles. For sytitrmti O: the size of observed nuclei, the mr;jll

field apprOXIMatlOrl 1S d far more 6t!nsib]e Startinx point than thr Opposite exlr?mr o:

assuming completr 10~ill eqUilihriltioll. ln::tciJd of tht’ m:iil frrr piIth gcucriIlly li~t’~1 Ily

adherenta of the hydrodyn.amica] mod(’1 , it seems to me that thr rclev~nt lrngtil K(,t lfI Iilr

collisions is in !’;irt thr lol~giLudirl:tl mcmrfltum r,lllilihr~tion lrllgLh--Lht difit;lnl~’ It

thkrs for two colliding fluid:; to SIOW du~ll to tht~l”mi~l ve.l(l~ilirs. On thr iivrrd):f ’f

srvrrul rolli~ions arr r(’yui,-rd for ttl~”rmtllizfitirnl, and whrn thr nll(”lrorl-l~ul-lro[l” anqlli-

tlldc’s ill-(’ f“cll%’iird prakrd, tllr lollgitddill~ll equilillr:ltl(}n lrnglh is significantly lon;{rr

thiill RC’llt’r;lllY (~llot[i(l VII IIIV* iO~ mrllll lr~’v ~l:llllfi. 2) Sinrc II U(:JPilr JUII:I]I(’NWolvr hy mot ion

01 thr surt:l(w, it i~ p:lrtirularly impurtiillt Ill:!t ttw auriacr itll[’l! hr trratwl lm(’illiS-

ticnlly. III CCMIII”:IXLto “1’hflmilfiFrrrni or hy(lro(lyllnnli(ill LhIOOI-IrH, ttlc” mf*ilil-!ii’l(l ilJllll’tlX-

im:ll ion in( ludrx Lhr wavr ilin(”lioll I.lIaNr Cuilrrrn(.r dlarnctrri!JLil” 01 Lhr Illlclf’:11” lilll”fd(””



I .

no that. the kinetic ●nergy density and thus ●volution of t.h~ surface should be specified

reasonably reliablv. Finally, because of the proliferation of misconceptions, it ia use-

ful to ●mphasize the fact that the mean-field theory includes a gr~a~ deal of the physics

of two-body rnllisions. The mpan field, of course, iS rmnpletely generated by thr two-

body potential. Yu::hermore, c1l forward scattering amlliitudes and one-particle onl’-tlt)lt’

amplitudes (+~”finud with respect to this instantaneous one-body density matrix arc

included, and only the two-particle two-hole amplitudes are ncglc’~”trd.

Given the ●mbitions of this program, it is clear that a very high prier must Im ])iiid

in the numerical complexity of LI1(I rcsultinX PqllilliO1lSl III mnny cases, the problem nl.i}. b{’

rendered tractable, or nearly : tit Ily ttl(’ illtroductiorl oi physically MuLiVi4t(”d ii;l]lruXim,l-

tionsm The most crucial of thes~ is to assurer that thp short rangr corrclatinlls ill Ltl(’

time-dependent prol)lcm dif!cr n~gliRihly flom thosr in nul”lv:lr rn;lttrr, aIId thli:. LI, u:.!.

di:cctly effecti~lc interactiollb dpriv(~(] flum nurlrar rniltt(~r, (,I. rlluivalrl)tly, siml,l,I



predictions for elastic electron scattering from 208 l% with the subsequent experimental

data from Saclay. 9) Comparison of the theoretical density with the charge distribution

reconstr~lcted from the data in Fig. 2 shows the quantitative precision obtain~d in the

nuclear surface, with the only significant discrepancy being the tendency of Lhe mean-

field approximation to exaggerate shell fluctuations. In this case, the central maximum

arises from the complete occupation of the 3s proton state, and should be somewhat redurrd

10) Having verified ade-by configuration admixtures produced by the residuiil interaction.

quate treatment of the nuclear surface, the next ●ssential test is that the mean field

reproduce the correct shapes of deformed intrinsic states. One observes from the mean-

field predictions for the shapes of a variety of rare-earth and actinide nuclei in Fig. 3

that the theory specifies far more about quadruple, hexadecapole and higher multiple

defamations than a single deformation parameter, and it is indeed gratifying that the 0+

* L+ form factors shown in Fig. 4, which essentially determine the Fourier transform of

the L’h component of a ~egendre ●xpansion of the density, ●gree with experiment to almost

the same precision as in the ●lastic form factor of 208Pb . In the vibrational mode], onr

obtains a test of various derivatives of the ir.trinsic density distribution, ●nd Fig, 5

demonstrates again the validity of the mean field theory of the 238 U intrinsic sLate.
12)

Finally, since the familiar random phase approximation (RF’A) is just the infinitcsim~l

amplitude lj!nit of thr Limr-dependent ❑ean-firld theuty discussed below, in Fig. 6, WP

have aiiown how well the collective 3- state in I% is reproduced in the mean field ap]l)ox-

imation,

11. Theory---
Insight into thr theoretical content ●nd posbible systematic generalizations of the

t~me-dependent mean-field theory is ohtainrd by considering alternative fonnul~tions of

the tim~-dependent Hartree Fock (TDHF) initial value problem, (O,Ir should note that tlmr~

im ● t.endenry in the literature to sloppily intercha:lg~ the term Hartrpe For&, which im-

plies usc of th~ bare two-bodv interaction, with the term mean-field, which refers to

either & bare or ●ffective int~raction. In theoretical derivations, it is clear whethrr a

bar? or ●ffective interaction is intendrd in principle, and for realist~c calculations, an

●ffectivr interaction is always usrd.)

4



2.1 The TDHF Initial Value Problem

It is convenient to express the TDHF equations in terms of the one-body density

matrix, in which case the equation of motion is
.

i~= [h,p] (1)

wherr .

P(x,x’,t) = <$+(x’,t) lll(x,t)> (2)

and

h= K+trpv (3)

“. K+ Jdx2dx4<x1x21vjx3x4 - X4X3> p(xi+

Since the ●quation is first order in time, the density matrix at any subsequent time is

fully determined by specifying a one-body density matrix at the initial time. If the

initial density matrix corresponds to a determinant, i.e. satisfies p
2 = p, it will

continue to do so at all later timeq, but eq. (1) is not necessarily restricted to

determinants. The TDHF ●quation, ●q. (l), is applied to the scattering of nuclei semi-

classically hy localizin8 the initial positions of the centers of static HF solutions for

the target and projectile and boostin8 these Galilean invariant HF solutions to the

desired incident cm velocities.

Postponing, for the moment, the conceptual ambiguities of this semiclassical treat-

ment of scattering, two computational results are ahowri in Fi8s. 7 and 8 which demonstrate

that ●q. (1) quantitatively reproduces the strong dissipation observ~d in low energy hetivy

ion phenomenology. Since the fusion cross section requires slowing down the projectile

●nough to form ● compound nucleus for ● range of impact paxsmcters forming a disk (or

●nnulusl) of impact parameters of the proppr area, thr data in Fig. 7 ●re a very sellsltivr

diagnostic of digaipation.
14)

Similarly, in the deep ir’l astic collision 15) shovll in

Fig. 8, the crucial issue is wheth?r thr mr~n field generatea ●nouRh ●xcitation rnrrgy in

the fAntl fragmenta ●o that in the deep inelastic peak and backward directional they recede

with ●s~entially only the Coulomb barrier energy ●nd no reaiduul trarlslational collrctivr

●nergy. With two enticing exampJea augg~stin8 that the time-dependent mean-field theory

may retain some of the quantitative predictive powe~ already demonstrated by thr atntic

●~an field theory, wr now turn to several alternative derivations.

5



2.2 Alternative Formulations

Perhaps the most economical way to obtain ●q. (1) is application of the

time-dependent variational principle. 16)

Varying the action

(4)6 <Wli * - HIV>

with no restriction on the form of W simply yields th~ many-body Schrodinger equation

i ~lW > = HlqJ. (5)

Restricting V to be a Slater determinant

where h is dcfinrd in eq.

j (-)%i(xpi) (bj

equ;ltiuns equivalul,l to (*(I. (1)
.

ifi = tll$. (7)1 1

(3), Explicit formulation of the Lhrory in trrrns r f n nmlly-

body wave function has the obvious ●dvantagr that wr hii~(. a iamiliar lan~uagr in which 11~

thiuk shout the throry and to relate to alternative approximations. Thus, onr uhsrrv~,~

that at ●ach instant, the TIIIIF wavr function ~rquirrs exiictly thr corrrcL onr-]1.11-lirlr

onr-holr components and diflers from Lhc stat~ produrrd hy evoluliotl with lhr III]]

Srhrodin~er equ:llion prrcisrly hy nrglrrting iIJl two-iwrtiulr tkfo-h(Jlt” r{Jm]IIIIrI)ls, (Illt’

also CiIII apprvriatr how signifit’tinl]y thr TDI!F wave function ditfrrx ill gunt’r:il fr(ml :hr

]owrst sLate in the adinhotic infiLiIntanrWM bafiis grncr~ltd by h by Nimp]y rxlmlldifl~ Ltlr

TI)IIF wave futlctioll iu thiit biisis, (h’ difiadvonldgr (I1 thiti forumlation in trrms of a Wilvl’

a,.-..b:-- :- an ~ ‘ . . . . .l~



also can appreciate how significantly the TJHT wave function differs in general from the

lowest state in the adiabatic instantaneous basis generated by h by simply expanding the

TDHF wave function in that bbsis. One disadvantage of this forumlation in terms of a wave

function is the obvious temptation to take more than its

A second disad~anthge is the facL that it is not obvious

systematic improvements in the variational ansatz.

An ●lternative derivation of eq. (1) is to truncate
.-s

one-body density matrix seriously.

how to implement a sequence of

the Hartin-Schwinger Green’s func-

tion

‘N-1

hierarchy. li’ In general the time derivative of GN is related to GN+l, GN, and

and the equation of motion for
‘1 ‘s

[i*- T(x1)]G1(l,I’) = 6(1,1’) - iJdx2v(xl-x2) G2(1,2;1;2+) I‘2=%
(8)

Rlaking the obvious approximation that the two-particle Green’s function is the anti-

symetrized product of two single-particle Green’s functions

G2(I,2;I ’2’) 2G1(1 l’)Gl(2 2’) - Gl(l 2’)GI(l’2)

5) Adoption of corresponding prescriptions for G3 in●gain yields the TDNF ●pproximation.

terms of G2 ●nd Gl thus offers the possibility of obtaining ● closed ●quation for the two-

body correlations contrnined in G2. Although such formal developments have been carried

out by Orland ●nd Schaeffer
18) 19)~nd by Tang , the full theory is so cumbersome LhaL it

has not yet been ●pplied to ●ny problems, and implementable approximations to the full

theory ●re laden with dubious prescriptions.

Yet ●nether formulation is based on truncation of the time-dependent coupled-cluster

hierarchy20), the time independent limit of which has successfully been applied to sta-

21) The many body wave function istionary states of nuclei with realistic interactions.

6



written

1~> = e ‘l+s2+”””+sn ,., ~ ● S [$> (9)

where 1~~ denotes a States determinant and Sm repres~nts a general sum of m

particle
-s

--m hole amplitudes. Multiplying the Schrodinger equation by e and projecting

onto a complete set of states

<@[ a; ... a+a
Um Pm””” aP1

e-s{ H- i fi) esl$>= O
I

llUJ

and expanding Lhe multicomsnutator series yields a s~t of coupled equations in whictl ~m
is a functional of SmJ,2 and lower S’s. The TDHF approximation is recovered by setting

Sm=O for all m ? 2, and higher approximations arc straightforwardly obtained by rrtaining

higher S’s. (The natural trul~cation for slrong repulsive cases is mor~ rem]’]ir:~led and

is discussed in ref. 20.) A significant advantage of this theory relative L(J tlItI Green’s

function formulation is the fact that the two-body correlations may be expressfll 111 CIIIJI--

dinatv space ‘.n terms of

a function of two continuous spatial variables ind two disrretr hole labels, in ((lll~rasl

to th( tl~()-]l;irlicle Green’s function Containing four Spatidl Var]ahlrs.

2..3 Limitations of the TDHF Initial Value Prolllem. ———.—. —. .— .. ....-———..-. -—.- ---
One s;il ient limitation of the TI)HF approxinmtion is the treatmcrll of LwJ-body (urrl*-

lations. Although in th- static case, the strict HF approximation with th~ hart’ Iluc]ear

potential is rendered totally unphysical by the omission of two-particle twc)-holr ampli-

LLIJUS, illtlusion of short-range correlations via the G-matrix sum of ladder diagrams or

some other similar effective interaction yirlds a vrry physical and useful mran-fic]d

theory. This crucial class of two-particle two-hole contributions associated with the

rt:pu]sivr casr is included appro~imatrly in the timp-dqwndrnt casr by using in thr



time-dependent problem the density-dependent ●ffective interaction derived for ground

rotates. Thus, the time ●volution of the two-body correlation function is completely

neglected ●nd preaumsbly bec.ames a serioun ●rror in high ener8y collisions.

A second salient limitation of the TDHF initial value prob]em cnncsw-fi its nemicla~-

sical ●spects. One is forced to construct ●n initial condition appropriate to the phys-

ical proLlem of interest ●nd consistent with the subsequent ●pproximations in the mean

field ●volition. In the scattering problem, one localizes the initial nuclei in velocity

●nd impact parameter ●nd seeks to interpret the subsequent density matrix as that arisin~

from wave packets suitably defined for the scattering problem. However, since ❑any ill-

●quivalent wave functions can have the same one-body density matrix, it is clear ~hat

. substantial conceptual problems ●xist. At s more practical level, the problem of spec-

ifying ●ppropriate initial conditions is quite ●violent if one tries to construct approx-

imation to quantum ●igenstates of large amplitude coll~ctive vibrations or to calculate

the lifetimes for tunneling decay of a fissionable ❑ucleus. In the former case, no il,i-

tial condition ●ppears natural , ●nd in the ldtter c:~sc, the obvious candidate is th~l

deformed HF stationary stite which has the unphysical property of having at time-

independent one-body density matrix when evolved with the TDHF equations.

2.4 Treatment of Two Body_Correlations

Some insight into the role of two-body correlations may be obtained from th~. exnctly

solvable two-level l,ipkin model
12)

specified by the Hamiltonian

5-
.

H=; z + +V ++
P

‘apnapfl 2 ~p, apu ap’o ap’-u a;l-u

~;~ 1 0=1 1

Th~ ground state ●nergy for a 14 particle system ●s a function of interaction str~llp.tll v

is Bllown in Fig. 9 first for the HF approximation and then including the two-parliclr LKO-

20) Although the ●ffrct oi Lwn-brIlyhole ●mplitude S,, in t~.,’ coupled cluster th~ory.&
correlations is l~ss drastic than for hand-core nuclear potrn:ia]s, one still observes a

dramatic improvement in Lhe ground state ●nergy.



To emphamize the fact that few-body operators ●rt well described while the ❑any-body

wave function is ❑eaningless, the operator

which counts the number of particles in the upper state minus

ntate is considered in Fig. 10. Since the Lipkin Hamiltonian

titles, projection of the ground state wave function (evolved

non-interacting ground state) onLu states of specified number

the number in the lower

only moves pairs of par-

adisbatically from the

in ●ach level must yield thr

odd-even alternation shown by the solid lirle in Fig. 10. Since no Iow-ordel approximation

has ●ny information concerning such 14-body correlations, the HF and ‘2
●pproximations

display no ●uch ●lternation but yield quite ●dequate ●pproximations to <Jz> and cJ~>.

Finally, ●pplication of the time-dependent coupled clus~er approximation to tw

14-particle Lipkin systems which begin in their respective grcnnd states and then form a

28-particle interacting system for time T yields the results shown in Fig. 11. AgaiII,

one observes that ●xpectation values of the two-body operators H and

fif
1

J2 = a~+ap-+, a~-ap+]2
x

● re systematically imp:oved by the inclusiorl of
‘2 “

Hence, we conclude that, in general,

●volution of S2 is required to obtain reliable ●xpectation values of two-body operators.

Thus it is not surprising that although mean fragment ❑ aases are well reproduced in TDHF,

the dispersion in particle number is systematically in error. Although the Lipkin mcmlrl

is quite oversimplified, one should note that num~rical solution of the coordinate-space

coupled cluster equations in ref. 20 is feasible for repulsive core pot~n~ials in one

spatial dimension, and would shed considerable light on the rol~ of two-body correlation

corrections to the mean field theory.

2.5 Derivation of ● Quantum ?lean-Fie~d Theo~Using Functional Inte#rals—...—.——..— —-
-., 1 . J m. J..-.? - . . -b- . . . . P. v , , , I.m . .



correction to the mean field theory.

2.5 Derivation of ● Quantum Hean-Field Theory Using Functional Integra>

Stimulated by developments in qutntum field Lheory in which systematic expansions arr

developed about the solution to the corresponding claacical field ●quaiions, significant

progress has been ❑ade recently in formulating the quantum ❑any-body problem in terms of
23-25) In ~Qntrast toan ●xpanaion about solutions to ●ppropriate mean field ●quations.

the TDFF i’itial value problem, the theory is conceptually unambiguous since one upplies

●ppro~+m+t.~cms directly to ●xact ●xpressions for quantum obuemmbles.

The &bSCIItial steps in the method ●re as follows. First, one itelects a few-body

operator corresponding to a physical observable of interest ●nd then one ●xpr[..ses its

expectation vslue in terns of the ●volution operstor. For ●xam~jle, to calc~late the bound

state spectrum ●nd the ●xpectation value of any few-body operator a in .ny bound stair,

one may ●v~iucte the poles and residurs of the following ●xpr~ssion:

-i ~ dT eiET trUe
-iHT .- ~ ~n]cIln>

E-Ln+iz (12)

Next, one ~tilizes ●n ●ppropriate functional integral repre~entation for the ❑any-body

●volution oprrator, One particularly simpltl rhoicr is the Hul-ba:-d-Stratonovich tranu-

fomation usrd in rol. 23

which replacen the evolution operator corresponding to ● Hsmiltonian cnntsining two-budy

interactions by ●n integral over ●n infinite set of ●volut.ioh npcrator~ c~ntain~n~ onlY

one-body operators. A second ●lternative brcak~ thr wolutjon into very small tbr S~PPU



between ●ach of which ●n

<WfI● ‘jHT,wi> =

overcomplete met of SlaLer determinants is inserted 25)

<~fl~=~ ●-iMT Jdu(z) lY(z)><V(z)le-iMT !Y”i> (14)

TIM “heory in rendered ❑anageable by virtue of a simple choicr of thr measure du(z) which

●fficiently handles the overcompletenean. A third slternat.ive iu to simply use Grassman
24)variables as in field theory , so that the trace of the exponential of the ●ction

becomes

i[J” 2-:’(i~i-T) Z
tr 2s =~D[Z*,Z] ●

- ~ J z.:.t;’V ZZ]
(15)

Finally, for any of thesr functional integral represenLaLinns, application of LIMI

stationary-phase ●pproximation (SPA) yields TDIIF rquations plus ● systematic hierarrhy of

corrections.

The emsence of the program im ●xemplified hy aplllyin~ it LO thr trivitil prol,~~wl [,1

onr-dirnensional quantum ❑echanics in Lhr potrutiti] shown in Fig. 129 for which ~il!,f’ kvm nmy

Wrjle
26)

1

‘r II-E
= i fdT r ‘K1 J dq <qle-i’[T [q%

w

= i 5 dr c ‘E’” J rlq J LJlq(l)l ris[’~(tfl
o III(I]=q((l)=q



.- ---- --- -x- ------ .- ,,, -..”,,

.Lq. -w (17)
dL2

and application of the SPA to J dq requires that the momentum at time T equ~] th,lt iIL

time O. Thus, we obtain

T,& = i ~ d’f=ei(ET+s(T)).i J dT~ FIi’(L’ (1s)

o qc~ qcf

where S(T) is the action lr a p~riodic solution to the classical ●quation af motion 3Nd
the sum over all euch pcriodlu clasbicul solutions.

&

Finally, the SPA is applied LO the time intcgr;i] In eq. (18), giving risr to Iwth

real ●nd complex stationary value:; of the’ prriod. Real periods simply correspond to

❑ultiples of thr fundamental periods fol classical oscillations around minimti (a) and (r)

in Fig. 12 such that the classical ●nergy equals E, The period and contribution to Lhr

reduced actiell

region c) ●re

10



The ❑eaning of classicnl soluticns for imaginary time is most evident if one simply

replaces it by T in the ●quation of ❑oLion. The two resulting factors oi i in ●q.

(17) are then equivalent to reversing the sign of V(q). As skeLclled In Fig. 12, this has

the ●ffert of interchanging classically allowed and forhiddm re~ions, so onp IICJK has

perlcJir solutions in region b with imaginary period ailrl reduced action

i’f h =?b=2Jdq
G

(:9] )

and

iW2(E) = fi2 (E) = 2 ~~2m(,V(q)-E) dq (22)

Combining all integriil numhrrs of periods in thr three rugions thus yirld:. au lli-

iinite sequence of stationary points
‘Qmn

= lTa + mT - in ~1,
c znd thr uorrcspoml]ng tium

owr classical pericldir trajrctorirs ~n rq, (IH) yirlds mllltipl(’ grommrtrir Xrri(s whirh

sum 10

1
““” H-E

II

(i’il



extend throughout ●n ●rbitrarily large normalization box, rind
thrn

29!)
● obw~cn that kc

yieldm ● vanishing contribution to the smoothed level dengity

P +
Y

mr,-:+, .~;y2+@’)j-’

The lrveI density, rq. (zsj, ●xhibit- quaai-stnticmiry states with enrrgica givrn hy (“tl.

(24) ●nd widths

o.2:; -R (E )~t}n -Qh(EN)
r a

- =2T,IP
n

which ●gree with the familiar WI rrfilllt,

Strai8htforwarti al}pliration of thr Basw progr;lm to tlh’ many-lwdy prohlwn ri’sull:i III

app]icat~on of thr Si’I\ lo thr T and u intrgralR in 1111rxprFHRioII of thr ffIrIII



subject to the periodic boundary condition

‘4’0=+-0
where the erlf-conoisten~ ■ ean field satisfies

u(x,x’,t) ❑ ; 0: (X’,t) $,(o)

and thu UIIIXA VMIUPS of the period are mpecifird hy thr quanlization cnndit ion

(29)

o(x, x’, r) = ] O,(X’, -l M,(X, II (11)



Of particular physical interest are solutions which in the limit as t T/2 + t ~ approach

the HF stationary local minimum for a fissioning nucleus and ●volve near T - 0 toward

thr (Jntrance 10 the classically allowrd domain near the scission point for two fis~ion

f r:lfill”nl H $Ilch So]i.j?i ‘II:; ‘ ’11 bc dvno[~’11 “’1~11.::,fIs,” followinR Coleman, anil brclr grr,ll

formtil similarity to thr “pseudoparLicles” and “instantonk
,,31)

iuvrsLi*;lt.rd rxlrn:.lv~’!y ]fl

field ttwory. firrrns thr bl(m]if’h’$iIl aolutiws dr~sing in fir]d LhtI(Jrv h;lvr LrivJ;ll ,.p

tiul deprlldrnce, being either constant or sphorira]ly synunrtric in spntr-time, LIIr IIUII-

tri!’iiil :;lIJli611 dtSIIIIIIA*IItP tJl 11111]Irrsrnl “bounrr” Bolul ion~ is crucial to Llw phy:ll(s JIIII

prccludrs un:ilytir Holution rvrII for Krhfwtili( mcdrl$. }’urttwl, wrr, for d nu~ 11’IIVllll::,fI:.-

sinH many drl’ay channol~ xurh as ~yttnnrtri( I issiou, iltiyMlllrtt_i(’ !isuion, alptl~l, lIrIIIIIII, III

nrutron drrny, thrrr will exist stwrul dir+tinl.t WI l-srIIJr:Itrd hnunres, ●nd LIW ililcllllg t)i

thr wid~h 1’ i II f’fl. (26) AK Lhr sum 01 prlidll Width:,:

1’ = ~1
(Ill)

whrrr ~’fl[”ll Il:ll”t iiil width ill l’ill{’:lliltl’{1 !rom 111(’JI(ItfO!I drlrrminrtl for LIIf’ 1)111111(1’sIIllIl 11111

!or Ihr upprqlrinto CQhaIIIIrl

T/2
-.( ‘~~ J-q.,:, (I1 $(X,-I) :~ $(X)1)

,.(111) ~
2 Tm t’



To make : “ ~e bounce solution. s more ccncretc , it is useful to co[lsidcr a saturating

model system of nuclei in one spatial dimension interacting with an effective interaction

24) The analog of the Coulomb force is adjust~d such that a 16-par-of the Skyrme form.

title system is unstable with respect to fission into two 8-particle daughters which are

in turn stable with respect to further decay into 4-particle granddaughters, The con-

strained W ●nergy as a fun:tion of <X2> for the 16-particle system is shwn in I“ig, 14,

and displays the expected form of a fission barrier. The self-consistent. single-particle

solutions to ●qs, (32), ●ssuming spin-isospin degeneracy 4, are ahown in rig. 15 at LII1

two turning pointr, r = t T/2 and T ❑ G. As expected, the determinant of these wave

functions corresponds to the 16-particle HP static solution at I = A T/2 and closely

approximates the product of two 8-particle determinant~i for nearly-separated fragm.lnLs at

T= o. The corresponding (,ensity, u(x,t) is shown in Fig, ]6 for successive times hc-

tween ~2 = -T/2 ●nd T = 0.

Solution of ●qs. (32) in four apar~-timr dimensions is obviously comput.ational]y more

cumbersome, but haa been ●ccomplished for ● range of nuclei up to A = 32. Ill LIIL’SCuill-

culationap the proton charge has been increa~ed to obtain appropriate values ~f the fiss-

ility, and preliminary resu]tfi for the fission of P
Be are ahuwn in FiR. 17. Although

apurioua cm motion problems pr~vent quantitative comparison of this particular cal(uli)-

tion with ●xp~rinent, thi~ rrsult does demonstrate th~ feasibility of obtaining bouncr

solut~~ns with the appropriate prqwrties ●nd shows that ●ll th~ relevant ahapr de~rees o!

freedom rrally are incorporat~d in this ●elf-conslotrnt theory,

Clearly, many other ●pplications of quantum mean-field ●pproximittions arising from

such functional integral ●xprrssiona src possible, One should not oIIly k able to umlcr-

atand ●hrli ●ffec~s ●nd the rompetitlon brtwren •~ctrll. and ●ayusnctrir chan:w]x in ~pon-

tancoua finnion, but ●lao b~ ●ble to ●ddres~ compound nucleus decay, Reaction theory

poneu ❑any important and challenging problem+. Wh~*reaa it ia r~latively ntra~gtitforwnrrl

to write down tract-able mean field exprmaiona for S-matrix ●lements, we hav~ •m])ha~izrd

●bove that therr iR no reamon for b~ilieving that a mean field theory in really capRbIF of

describ~ng the overlaj] of two ●any-body wavr functionH. The key to a mcanin~ful reaction thror.

j1,



believe, is iinding ma appropriate

values of iew-body operators, such

which yields numerically tractable

value problem, ~,Ii. ~lrscrilws t:..

sions for specific observahlos can

functional integral ●xpression for relevant expectation

as mean fragment charge, mass, or excitation energy,

mean-field equations. in contrast to Lllc”TDIK ii!; iii]

l~rnbahlr rutcon)l’. .-l.i-;l functional integral exprcs-

address spt,-ific components of interest, ●ven those

which are exponentially small relative to the most probable component. This, then, is thr

natural languag< to tiddress such diverse and important questions as superheavy nuclrus

formation in heavy ion collisions, and tunneling phencmwll.i ][~ ligtlt-ion collisions associ-

ated with quasi-molrru]ar statrs
24

and the resonance behavior in such aystcms as tlg . Fin-

ally, applicaticm of an;!lo~ous tcchniqws to field theories such a~ thr lh”(j-dim~rlsl(~ll,ll (1

model offers one lIIF only nvailablr mrans 10 invrsti~nte thr dynnrnirs of forming al]llornl;l]

Rt.dtes in appropriate finite geomc’try. :92)

4. A~~~liration to Pion Condrnsa~irrn n Fil~ite Sy~trmx. .- . ----- . . . . .. . . .—. ----- .. ..__ .- ._.-,-.
To fouus m.lny of thr grnrra] ideas aSSO~i;lL~*d ~lLll my discl!bsioll!; of 11111 Liml’-

drprndrnt reran flcld theory on a concrrtr protrlc!m relrvont to a somwhnt rxt rwn~’ st,lt(’ (If

l]u~]piir systmns, ] will ron[lurir my talk with snm~ rpnril~ks rrlatinfi to LIILI observation (II

pion Condpnsrntio;l in !initr syst~ms, For Simplll”it~, I Wi]l ONIH.ider ttlc Sl;ltic’ ]imlt ill

whl(’h pIon propagators ● rc’ r~durrd to thr SLiitir ‘ ‘Ilmlt , and pjoIIs thus rntrr (dIly ttirou~h

II rrllorm;lliz~rl nurlrar intr~roc’t ion rontuinjn~ a on(’-pion ~~chan~r potrnt ial. At ttlf’ 1111~1’L

0! l’[)llli{’fl~ilt ion, W = 0, rrndrrinu Lhr slfitic rrducl ion cx;ll’t , and llw ~llllll”rlxim;lti[ill

uhoulri rrmilin vdlld !or Iinitr IN mill-h Ii’h* ttl:in till” 111011 mlisx p , l“l~r tilt’ pi”!’!.l’111 dis -

cusriionl it is su!t irirnt to (Qf’rllsidl’r aiI Inter;lrti(ln of thr Frrmi Ii({lllll I(IIWI;IIII;; ;IIIt IIIl

Iiitll illl rXIIl I(it 01’1,1”Lrrm, wllirll nil S ttll’ follo W”



Ill the time-dependent mean-field framework, the natural quantity of interest is the RPA

propagator which simply describes the TDHF evolution of a system for infinitesimal ampli-

tude excitations and thus contains all Lhe relevant information about modes having the

quantum nknbers of the piorl, 1:: infinite ‘matter, the RPA propagator contains thr factor

[( )1
-1

na 1 . g’ 4nf2 q2. —- ., 4 now
IJ2 lJ2+f42

where the Lindhardt func~.ion is defined

(37)

(3P)

4,1 Qtimal Ex~rriments for Prectitsor phenomena.—.— —.— --—.— . —-—

From the perspective of mean-field Sheory, there is ro question as to how LO go about

looking for soft ●pin modes in a pot of liquid h~lilun, One simply measures thr rrspc)nsr

function which specifies the spin rcs~onsr at somv s]l~(:r-time point to an arbitrnr

spin ●xc~tat~on at some other point. As iti well known, inelastic ●lectron scntter:

measures precisely the respense fun~.tion of a finiic nucleus 34)
, so that one m~y d

study the finite nuclrus anti!og of thl polarization propagator in eq, (37),

tleasllring the response function through inelastic ●]ertron ~cattprin~ has thr fol]ow-

ing disti,lct advantages relative to the popular but ambiguous expnrimcnts in whirh un-

natural parity states ● rc cxclLrd in 12 C by protons or electron~, In the first place,

15



Fig, 18 Density and divergence of spin-isospin density for head on 15N = 15N collision

● t ● cm ●nergy of 20 HeV/A.



the linear response fun~tion may be consistently approximated in the ❑ean-field theory.

In contrsst, the matrix element <~fl~l~i> irrevocably tangles Up structure from shell

model calculations of l~f> and l~i> with thbt of the operator M which is supposed to

contain a signature of the soft pion mode. Secondly, a Rosenbluth separation of longi-

tudinal and transverse form factors afiords the opportunity o: comparing in a single

experiment the response to the charge coupling in the spin-independent channels and the

magnstic ❑oment coupling to the spin-dependent channels. Since the soft pion-like modes

occur only in the spin-dependent channels , it is clear that the ratio of the =WOresponse

functions affords an unusually high degree of model independence. Finally, it is useful
35)

to note that sophisticated RPA codes already ●xist , and that experiments to separate

longitudinal and transverse form factors are presently underwly at HIT and Saclay.

4.2 pion Ccildensuclon in Heavy Ion Reactions

The conventional approach to pion condensation in heavy ion reactions is to calculate

first the equation of state of equilibrated nuclear matter, including the phase transition

from the normal to the condensed phase, and then assume that hydrodynamics governs the

dynamics of the nuclear collision. Such an approximation which assumes equilibration on s

scale small relative to the scale of spatial variations of the system and allows collec-

tive phenomena to enter only through the equation of state may be fine for the collisions

of neutron stars, but in view Of the ●arlier discussion of longitudinal momentum equili-

bration lengths, is clearly inadequate for collisions of finite nuclei. Furthermore,

despite claims to the contrary, critical scattering in the preaenre of a pion condrnsntr

is not particularly effective in diminishing the longitudinal equilibration length, sincr

the optimal condensate direction is perpendicular to the be~m dirrction und critical

scattering thus invojvrs only u~omentum transfers of magnitude ●qual to the critiral

momentum in the transverse direction, In effect, the condensate thus occurs in the worst

possible direction for longitudinal momentum equilibration,
.,.



In contrast, in the mean-field theory, the mean field consistently governs evolution

of both the bulk matter and the growth of spin isospin instabilities. A neutral pion corl-

densate in this language corresponds to coherent spin-isospin density fluctuations in which

an alternating layer structure arises with layers of excess spin up protons and spin down

neutrons alternating with layers of excess spin up neutrons and spin down protorls, giving

rise to a non-zero expectation value of the source term of the pion field V ● <~T>. As

two colliding ions first interpenetrate, the one-body density matrix in the overlapping

region corresponds approximately to two separated Fermi spheres centered at f P/2, where

P represents the relative momentum. The initial prowth of a spin-isospin instability is

thus well described by the RPA propagator, eq, (3,), where the Lindhardt fun:tion is now

evaluated for two separated Fermi spheres. The contrast between this mean field result

and the conventional assumption of equilibrated mztter is thus quite dramatic. Whereas

the driving term for condensation in the case of a single Fermi sphere of radius ‘f “

%(%kfl, the driving term for the two interpenetiating Fermi gases corresponding to the

‘]’3 kf) if P
same total density is 2 no(q)2 ~>k

f
and the condensate occurs perpen-

dicular to the beam As a result, for a system in which condensation only occurs at three

times nuclear ❑atter density in equilibrated ❑atter, the same interaction will yield cori-

den6ation for two interpenetrating gasses at a total density of only about one and a half

times nuclear matter density. This effect immensely increases the chance that a spin-

iaoapin instability actually does occur in high energy heavy ion collisions.

A first tttempt at calculating the buildup of spin-iEospin instabilities in the
=an-field ●pproximation 37) in shown in FiE. 18 for ● head-on collision of 15N on ‘5N.
Density distributions ●a ● function of r and z arc shown a~ Successive times in the

left-hand plots ●nd the pion source te~ VO<UT> is displayed in the right-hand plots.
17



Since the initial spins were selected anti-aligned, if there were no non-linear growth of

the mode, the source term would vanish at maximum overlap (t = 1.125 x 10-22 see) . One

>bserves, however, that during maximum overlap, the spin-isospzl~ fluctuation is in fact

larger than in either of the original nuclei, clearly indicating growth of the mode.

Unfortunately, as soon as this very small sy;tem begins to separate, ti~c effect quickly

~ies away. There is considerable reason to ●xpect thst for larger systems, such as Pb +

lb or 238” + 238~, the larger regions of overlap and longer overlap times would give risr

.O much larger amplitude fluctuatiu~)~ in fact, my p;esent beliet is that spin-isospin

instabilities actually do occur during collisions of heavy nuclei aL cm ●nergies of th~’

,rder of 20FleV/A. The most Lroubling worry, however, is that although such inlpr(’sting

notabilities actually occur in nature, there may well Iw no practical experimrnl ~’hich

●suits in an unambiguous signature of tileir ●xistence.

Conclusion

I hope to have demonstrated in L!lis survey that the time-dependent mean-fit”ld theory

s a versatile and powerful app~.each Lo the nuclear many-body problrm. For many ,lp]l]](.if-

ions, it is the simplest theory which has itny chance of iilrorporating Lhc e~~cnll.~1

hysics of the problem. It may well he computa?.ionally cumbersome, but the cost of rel-

vant calculations is still very ~mull on the scale of the ●xpense of thr corrrspon(lillg

tperiments. Finally, I hope to have shown Lhiit it pruvill[*s ~ useful framework ttl Llllllk

Jout extreme, as well as ordinary, sLatrK of nurl?;lr sysftw: .
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FiB. 1 Comparison of Saclay electron scattering cross
-ectionn for *08Pb with mean field th~ory predictions.

FiR. 2 Comparison of theoreLicaI and
●mpirically d~t~mined charge dcnsitieu
for ‘oal%m

Fi#, 3 HCGII field prudictionu of sh~pcs o! drtorm~d inlrin-
sic states.

Fig. 4 Comparison of mean-field fmm factors with sub-
. sequent experimental results for thr ~round statr rota-

tional band in a3~U,



Fig, 10 Probability P of projecting a component with 2M~
h, and second-order

+ 14 particles in the upller

state from the exact,
coupled cluster ground state wave functions.

Fig,2]] Excitation energy AE and mean value

of J as a function of interaction time for
t●xac , TDHF, and second-order coupled cluster

wave functions.

Fig, 12 Sketch ~f a double well with two
classically allowed regions separated by onr
classically forbidden region.

Fig. 13 Exact J.ipkin spectrum (crosses)
compared with the ~g~n-field approximation
● s ● function of K = NV/Lm The dot-dash
curves denote doubly degenerate approxim:)tr
solutions and the otncr curvrs arr non-
degenerate.

Fig, 14 Thr constrained ●nergy of a
16-particle modrl systrm as a funr-

tion of <X2>,

Fig. 15 Self consi~tent uinglr-particlr wnvr funr-
tlonn as n function of x at times T = -T/2 and
I ■ ~3 for the bounlmp no]utinn fnr mpontaneolln fiMaAotI

of ● 16-partirl~ mndrl nyatem.

2()



Fig. 17 Contour plot of integrated density contours dlsplayirig
the sequential shapes of aBe from T = -T/2 to T = 0,

Fig. 18 Density and divergence of spin-isospin density for head u:i ‘SN = ‘5N ~()]]l~i()ll

at R cm ●nergy of 20 HeV/Ao
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